We define the algebra G( R d ) of Colombeau generalized functions on R d which naturally contains the generalized function algebras 
Introduction
Algebras of generalized functions have been developed by many authors [3, 10, 17] mainly inspired by the work of J.-F. Colombeau [2] , and have proved valuable as a tool for treating partial differential equations with singular data or coefficients (see [18] and the references therein). Under the influence of microlocal analysis of partial differential operators [4, 8, 9, 11, 12] and group invariance of solutions to partial differential equations [13, 15, 16] in the context of these algebras, the investigation of local properties of generalized functions became increasingly important. It was soon realized that generalized functions in the sense of Colombeau can be viewed naturally as pointwise functions on sets of generalized points [14] . During the past years, there is a growing insight that many aspects of Colombeau generalized functions can be naturally expressed by pointwise properties (e.g., differentiability [1] , regularity [19] ). The purpose of this paper is to further investigate pointwise properties in Colombeau algebras. In section 3, we define the algebra G( R d ) of generalized functions on R d , the space of generalized points of R d . In a sense, this is the largest algebra of generalized functions of Colombeau type that is embedded in the algebra of all pointwise maps R d → C through the usual pointwise action of generalized functions. Other known generalized function algebras such as G c (R d ), G S (R d ) and G τ (R d ) (see the next section for their definitions) are naturally contained in it and their elements can be characterized in G( R d ) by a pointwise property (Theorems 3.8, 3.10). We introduce the subalgebra G ss ( R d ) of slow scale supported generalized functions in G( R d ), which can be characterized both by growth properties (similar to the definition of G ∞ S (R d ) and of G S (R d )) and by pointwise properties of the associated pointwise maps (Theorem 3.12). It is a subalgebra of G S (R d ), and it turns out that G
here denotes the Fourier transform), which yields a pointwise characterization of elements in G ∞ S (R d ) (Theorem 3.13). In section 4, we characterize when elements of G ss ( R d ) act identically on test functions in Schwartz's space of rapidly decreasing functions S (R d ) (i.e., when they are equal in the sense of generalized tempered distributions) by means of a pointwise property of their Fourier transforms (Theorem 4.6). Further, in section 5, we discuss several notions of pointwise G ∞ -regularity that were introduced in [4, 19] and show that they can all be characterized by means of one such notion (˙ G ∞ -regularity at a compactly supported generalized point), but for different sets of compactly supported generalized points (Corollary 5.5). Contrary to what has been claimed in the literature, we prove that for an open set Ω ⊆ R d , the algebra of pointwise regular generalized functionsĠ
) by means of a new characterization ofĠ
∞ -regularity at a point (Corollary 5.7). We conclude with a characterization of G ∞ -regularity at a point that might provide a basis for microlocal analysis of generalized functions on the scale of the sharp neighbourhoods (Proposition 5.11).
Preliminaries
In this paper, Ω denotes an open subset of R d (d ∈ N). We recall the definitions of some generalized function algebras of Colombeau type [6, 10, 18] . the algebra of generalized functions on Ω equals G(Ω) = E M (Ω)/N (Ω), where
The algebra G ∞ (Ω) of regular generalized functions on Ω consists of those u ∈ G(Ω) admitting a representative (u ε ) ε satisfying
, where
The algebra of generalized functions based upon Schwartz's space
In all these algebras, the generalized function with representative (u ε ) ε is denoted by
We also recall the definition of generalized points and pointwise value theorems in these generalized function algebras. The set of generalized points of
Similarly, the ring C of generalized (complex) numbers is defined using nets in C (0,1) . By Ω, we denote the set of thosex ∈ R d admitting a representative (x ε ) ε ∈ Ω (0,1) . By Ω c , we denote the set of thosex ∈ R d admitting a representative (
This definition turns out to be independent of representatives for u ∈ G(Ω) atx ∈ Ω c , and
a , for small ε} denotes the valuation on R d and |x| e = e −v(x) the sharp norm on
The sharp norm defines a topology on R d , which is called the sharp topology (cf. [6, 22] 
, the set of all sharp neighbourhoods in R d ofx 0 . We refer to [10] for further properties of Colombeau generalized functions.
The algebra of generalized functions on
is a differential algebra and that we can always find representatives in
identity map on representatives gives rise to a well-defined map
The pointwise value theorems provide a natural way to see
Proposition 3.4.
Hence the identity map on representatives defines a canonical embedding of
ln(ε −1 ) , for each ε ∈ (0, 1). As ln(1 + |x| 2 ) ≤ (2m + 1) ln(ε −1 ), for each x with |x| ≤ ε −m (m ∈ N) and small ε, the net (u ε ) ε is easily seen to belong to
Then the following are equivalent:
for some (and hence any) representative
supposing that the conclusion is not true, we find M ∈ N and a decreasing sequence (ε n ) n∈N tending to 0 and
(3) ⇒ (1): let ε m as in the statement of (3). We may suppose that (ε m ) m∈N is decreasing and tends to 0. Let
i.e., ε 0 may be chosen independent of m.
We also introduce the notation ε m := ε m,m . We may suppose that N m,k is increasing in m, k, that ε m,k is decreasing in m, k, and that lim
Choose η ∈ (0, 1) (depending on α only) with η ≤ ε |α| and 2 |α| sup |β|≤|α|,ε∈(0,1),
Our
Taking the supremum over all m ∈ N \ {0}, we have for each ε ≤ η that sup |x|≥ε −1
On the other hand, for ε ≤ η,
, then, by proposition 3.7, we find α ∈ N d such that for each N ∈ N, we find m ∈ N \ {0}, a decreasing sequence (ε n ) n tending to 0 and x εn with |x εn | ≤ ε
, for |x| ≤ ε −1 and for small ε. Hence for N > M, |x εn | > ε −1 n , for sufficiently large n. Let x ε := (ε −1 , 0, . . . , 0), if ε / ∈ {ε n : n ∈ N}. Theñ
As in lemma 3.6, now with ε |α|,k,m and ε m := ε m,m,m , we find (u ε ) ε ∈ (ũ ε ) ε + N ( R d ) such that for each α ∈ N d and k ∈ N, there exists N ∈ N and η ∈ (0, 1) (choose now η ≤ ε max(|α|,k) ) such that
Fix α ∈ N d and k ∈ N. Then for ε ≤ η, β ∈ N d with |β| = k and m ∈ N \ {0},
Taking the supremum over all m ∈ N \ {0}, we have for each ε ≤ η that
On the other hand, since (
, then, by proposition 3.9, we find α ∈ N d and k ∈ N such that for each N ∈ N, we find m ∈ N \ {0}, a decreasing sequence (ε n ) n∈N tending to 0 and x εn with ε
As N ∈ N is arbitrary, we conclude that for each C ∈ R,
d is said to be of fast scale if |x| is invertible in R and |1/x| e < 1, or equivalently, if there exists a ∈ R + such that |x ε | ≥ ε −a , for small ε. We denote the set of slow, resp. fast, scale points of
Theorem 3.12. For u ∈ G( R d ), the following are equivalent:
4. u has a representative (u ε ) ε such that
We call slow scale supported those u ∈ G( R d ) satisfying one of these equivalent conditions, and denote the set of all slow scale supported u ∈ G( (2) implies that for a representative (u ε ) ε of u,
With the notations of proposition 3.9, this implies that (u ε ) ε ∈ W, hence u ∈ G S (R d ). So we may assume that (u ε ) ε ∈ E S (R d ). Now suppose that (6) does not hold, then we
For each m ∈ N \ {0}, let ε m as in the statement of (5). We may assume that (ε m ) m∈N is decreasing and tends to 0. Let a ε = ε
with |x| ≥ a ε and ε m+1 < ε ≤ ε m . Thus a := [(a ε ) ε ] ∈ R satisfies the statement of (3). (3). We may suppose that a ε ≥ 1, 
for small ε.
be a representative of u satisfying condition (4) of theorem 3.12. Since equation (1) holds independent of the representative in E S (R d ), there exists N ∈ N such that for each β ∈ N d and for small ε,
4 Equalities in the sense of tempered generalized distributions
In this section, we investigate when u is equal to v in the sense of generalized tempered distributions [2] , i.e., when
Proof. By theorem 3.12, there existsx 0 ∈ R d ss such that u(ỹ) = 0, for eachỹ ∈ R d with |ỹ| ≥ |x 0 |. Letx ∈ R d . Fix representatives (x ε ) ε ofx and (x 0,ε ) ε ofx 0 , and let S = {ε ∈ (0, 1) : |x ε | ≤ |x 0,ε |}. Then |xe S c +x 0 e S | ≥ |x 0 | and |xe S | e ≤ |x 0 | e ≤ 1 (e S ∈ R is the element with the characteristic function on S as a representative). Hence u(xe S c +x 0 e S ) = u(x)e S c + u(x 0 )e S = 0, v(xe S ) = v(x)e S = 0, so u(
Proof. By theorem 3.12, there existsã ∈ R ss withã ≥ 1 such that u(x) = 0, for eachx ∈ R d with |x| ≥ã. Letã = [(a ε ) ε ] with a ε ≥ 1, ∀ε and let φ ∈ D(R d ) with φ(x) = 1, if |x| ≤ 1 and φ(x) = 0, if |x| ≥ 2. Let χ ε (x) = φ(x/a ε ). It is easy to see
, as can be seen analogously to lemma 4.1.
(2) ⇒ (3): u · φ = u ⋆ φ = 0 = 0, ∀φ ∈ G ss ( R d ). 5 Pointwise G ∞ -regularity
We recall the various definitions of a generalized function regular at a non-generalized point and at a compactly supported generalized point as introduced in [4, 19] (in [19] , other than compactly supported generalized points are considered as well). 
